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Abstract
A supersymmetric Lorentz invariant mechanism for superspace deformations is pro-
posed. It is based on an extension of superspace by one λa or several Majorana spinors
associated with the Penrose twistor picture. Some examples of Lorentz invariant su-
persymmetric Poisson and Moyal brackets are constructed and the correspondence:
θmn ↔ iψmψn, Cab ↔ λaλb, Ψ
a
m ↔ ψmλ
a mapping the brackets depending on
the constant background into the Lorentz covariant supersymmetric brackets is estab-
lished. The correspondence reveals the role of the composite anticommuting vector
ψm = −
1
2(θ¯γmλ) as a covariant measure of space-time coordinate noncommutativity.
1 Introduction
The unification of physics and mathematics in the development of noncommutative quantum
geometry [1, 2, 3, 4, 5, 6, 7] and field theories [8, 9, 10, 11, 12, 13] resulted in new ideas and
approaches (see reviews [14], [15] and additional references therein). One of them has come
from string theory, where the noncommutativity of the bosonic string coordinates xm in the
presence of the constant antisymmetric field Bmn was observed [10]. More recently, the non-
commutativity between the components of the odd spinor coordinate θa in the presence of a
constant graviphoton field Cab was considered in [16]. The constant gravitino background Ψ
a
m
resulted in the noncommutativity between the xm and θa coordinates [17, 18]. These results
have focused attention on the role of constant background fields in superspace deformations.
Studying field/string theories and supersymmetry preservation in the superspaces deformed
by the graviphoton background [17], [18] was further advanced in [19] and [20]. A general
approach to the construction of superspace deformations in a constant background based
on the Moyal-Weyl quantization of the Poisson brackets was developed in [11, 17, 21]. The
presence of constant background fields in the much discussed deformed (anti)commutation
relations for the (super)coordinate operators leads to the well-recognized problem of Lorentz
symmetry breaking. The idea to overcome this problem by using twisted Hopf algebra was
recently proposed in [22] and its supersymmetric generalization was realized in [23] and
further developed in [24], [25]. Another way was observed in [26], where the Hamiltonian
structure of free twistor-like model [27] of super p-brane in N = 1 superspace extended by
1
tensor central charge coordinates was studied and the Dirac bracket-non(anti)commutativity
of the brane (super)coordinates was established. The r.h.s. of these D.B’s. have been con-
structed from the components of auxiliary twistor-like dynamical variables which are Lorentz
covariant and supersymmetric. It gives a hint that a hidden spinor structure, associated
with the Penrose twistor picture [28, 29, 30, 31, 32] might be an alternative source for the
non(anti)commutativity of the quantum space-time (super)coordinates. Accepting such a
possibility we start here from the above mentioned spinor extension of the N = 1D = 4
superspace (xm, θa) by one commuting Majorana spinor coordinate λa and construct Lorentz
invariant and supersymmetric Poisson and Moyal brackets generating non(anti)commutative
relations of the (super)coordinates. An interesting feature of these brackets is the presence
of a real (or complex) Grassmannian vector ψm, which is well known from the theory of spin-
ning strings and particles [33], in the r.h.s. of the brackets of xm with xn and θa. The odd
vector ψm appears there in the form of an effective variable ψm = −
1
2
(θ¯γmλ) [34] composed
from the two Majorana spinors λa, θa and encoding primordial degrees of freedom presented
by θa. In the simplest case there is a correspondence between the Lorentz invariant brackets
in question and the known brackets including the constant background fields. That cor-
respondence may be schematically illustrated as the map transforming the field dependent
brackets into the new brackets and vice versa :
Bmn ↔ iψmψn, Cab ↔ λaλb, Ψ
a
m ↔ ψmλ
a.
(modulo the change Bmn ↔ θmn ≡ B
−1
mn etc). The schematical correspondence is preserved in
the more sophisticated cases considered below and points to a deep correlation between the
spin structure, non(anti)commutativity and supergravity. We find also Lorentz invariant and
supersymmetric brackets, where nonanticommutativity occurs only for the components of θa
with opposite chirality. The generalizations to the higher dimensions D = 2, 3, 4(mod8), N >
1 and several additional spinors are discussed.
2 Supersymmetry algebra in the presence of a spinor
coordinate
Using the agreements of [26] we accept here the D = 4N = 1 supersymmetry transformation
law in the presence of the twistor-like Majorana spinor coordinates (να, ν¯α˙) in the form
δθα = εα, δxαα˙ = 2i(εαθ¯α˙ − θαε¯α˙), δνα = 0, (1)
The supercharges Qα and Q¯α˙ of the superalgebra (1) are given by the differential operators
Qα = ∂
∂θα
+ 2iθ¯α˙∂
αα˙, Q¯α˙ ≡ −(Qα)∗ = ∂
∂θ¯α˙
+ 2iθα∂
αα˙, [Qα, Q¯α˙]+ = 4i∂
αα˙, (2)
where ∂αα˙ ≡ ∂
∂xαα˙
and the correspondent supersymmetric covariant derivatives D, D¯ are
Dα = ∂
∂θα
− 2iθ¯α˙∂
αα˙, D¯α˙ ≡ −(Dα)∗ = ∂
∂θ¯α˙
− 2iθα∂
αα˙, [Dα, D¯β˙] = −4i∂αα˙,
[Qα, Dβ]+ = [Q
α, D¯β˙]+ = [Q¯
α˙
, Dβ]+ = [Q¯
α˙
, D¯β˙]+ = 0.
(3)
The spinor coordinates (να, ν¯α˙) and the light-like real vector ϕαα˙ composed from them
ϕαα˙ ≡ ναν¯α˙, ϕαα˙ν
α = ϕαα˙ν¯
α˙ = 0, δϕαβ˙ = 0 (4)
2
may be used to construct the Lorentz invariant differential operators D, D¯, ∂
D = ναD
α, D¯ = ν¯α˙D¯α˙, ∂ = ϕαα˙∂
αα˙ (5)
which form a supersymmetric subalgebra of the algebra of derivatives
[D, D¯]+ = −4i∂, [D,D]+ = [D¯, D¯]+ = 0, [D, ∂] = [D¯, ∂] = [∂, ∂] = 0. (6)
Introducing D± combinations of the invariant derivatives D, D¯
D± ≡ D ± D¯ (7)
one can split the Lorentz invariant complex subalgebra (6) into two invariant and
(anti)commuting subalgebras formed by the generators (D−, ∂) and (D+, ∂)
[D±, D±]+ = ∓8i∂, [D+, D−]+ = 0, [D±, ∂] = [∂, ∂] = 0. (8)
A twistor-like character of the Majorana spinor (να, ν¯α˙) means that its dilatations, gen-
erated by the differential operator ∆
∆ = να
∂
∂να
+ ν¯α˙
∂
∂ν¯α˙
, (9)
have to be an additional symmetry of physical theories of massless fields. Taking into account
this dilaton symmetry assumes extension of the superalgebra (6) by the dilaton generator ∆
[D, D¯]+ = −4i∂, [D,D]+ = [D¯, D¯]+ = 0,
[∆, D] = D, [∆, D¯] = D¯, [∆, ∂] = 2∂,
[∂,D] = [∂, D¯] = [∂, ∂] = [∆,∆] = 0,
(10)
which has two real anticommutative subalgebras formed by the generators (D±, ∂,∆)
[D±, D±]+ = ∓8i∂, [∆, D±] = D±, [∆, ∂] = 2∂,
[D+, D−]+ = [D±, ∂] = [∂, ∂] = [∆,∆] = 0.
(11)
The Lorentz invariant supersymmetric differential operators forming the superalgebras
(10), (11) may be used as building blocks for the construction of Lorentz invariant and super-
symmetric non(anti)commutative relations among quantum operators of (super)coordinates.
3 Lorentz invariant supersymmetric Poisson brackets:
non(anti)commutativity of space-time coordinates
To clarify the role of (να, ν¯α˙) in the formation of Lorentz invariant non(anti)commutative
relations among xαα˙, θα, θ¯α˙ we consider the Poisson bracket constructed from the three dif-
ferential operators (D−, ∂,∆) forming the simplest superalgebra (11)
{F,G} = F [− i
4
←
D−
→
D− + (
←
∂
→
∆ −
←
∆
→
∂ ) ]G, (12)
where {, }P.B. ≡ {, } and F (x, θ, θ¯, ν, ν¯), G(x, θ, θ¯, ν, ν¯) are generalized superfields depending
on both the superspace coordinates (x, θ, θ¯) and on the spinor coordinates (ν, ν¯). The Lorentz
3
invariant and supersymmetric differential operators
←
D−,
←
∂ ,
←
∆ define derivatives acting from
the right hand side. Conversely, the differential operators (11) act from the l.h.s and coincide
with the left derivatives
→
D−,
→
∂ ,
→
∆
→
D−G ≡ D−G,
→
∂ G ≡ ∂G,
→
∆ G ≡ ∆G (13)
The left and right invariant derivatives in (12) are connected by the relations
F
←
D= (−1)f
→
D F, F
←
D¯= (−1)f
→
D¯ F, F
←
∂=
→
∂ F, F
←
∆=
→
∆ F, (14)
where f = 0, 1 is the Grassmannian grading of the superfield F .
The action of D, D¯,D± on the composite coordinates ψ and ϕ is given by the relations
→
D ψαα˙ = −iϕαα˙,
→
D¯ ψαα˙ = iϕαα˙, ψαα˙ ≡ i(ναθ¯α˙ − θαν¯α˙),
→
D− ψαα˙ = −2iϕαα˙,
→
D+ ψαα˙ =
→
D± ϕαα˙ = 0.
(15)
After the substitions of the (super)coordinates under discussion in the P.B. (12) we find
non(anti)commutative P.B’s. for them.
The twistor-like coordinates have zero P.B’s. among themselves
{να, νβ} = {να, ν¯β˙} = {ν¯α, ν¯β˙} = 0 (16)
and with the Grassmannian spinors (θα, θ¯α˙)
{να, θβ} = {να, θ¯β˙} = {ν¯α˙, θβ} = {ν¯α˙, θ¯β˙} = 0. (17)
However, they have non zero P.B’s. with the space-time coordinates xαα˙
{xαα˙, νβ} = ϕαα˙νβ, {xαα˙, ν¯β˙} = ϕαα˙ν¯β˙ , (18)
The remaining non zero P.B’s. define the P.B’s. among the space-time coordinates xαα˙ and
spinors (θα, θ¯α˙)
{xαα˙, xββ˙} = −iψαα˙ψββ˙ ,
{xαα˙, θβ} =
i
2
ψαα˙νβ, {xαα˙, θ¯β˙} = −
i
2
ψαα˙ν¯β˙ ,
{θα, θβ} =
i
4
ϕαβ, {θα, θ¯β˙} = −
i
4
ϕαβ˙ , {θ¯α˙, θ¯β˙} =
i
4
ϕ¯α˙β˙,
(19)
where ϕαβ, ϕ¯α˙β˙ are composite symmetric spin-tensors
ϕαβ ≡ νανβ , ϕ¯α˙β˙ ≡ ν¯α˙ν¯β˙, δϕαβ = δϕ¯α˙β˙ = 0 (20)
orthogonal to the vector ϕαα˙ (4) and to the composite Grassmannian vector ψαα˙
ψαα˙ ≡ i(ναθ¯α˙ − θαν¯α˙), ϕ
αα˙ψαα˙ = ϕ
αβψαα˙ = ϕ¯
α˙β˙ψαα˙ = 0, δψαα˙ = −i(εαν¯α˙ − ε¯α˙να) (21)
The appearance of the odd vector ψαα˙ (21) associated with the description of the spin
degrees of freedom of fermions in the r.h.s. of P.B’s. (19) hints on a spin structure of super-
spaces in back of the coordinate’s non(anti)commutativity1. The Lorentz covariance of the
Poisson brackets (16)-(19) is provided by the spinor, vector and spin-tensor representations
of the Lorentz group involved in the r.h.s. of the Poisson brackets. These P.B’s. are also
supersymmetric by the construction.
In the next Section we prove the Jacobi identities for the P.B’s. (16)-(19).
1Let us remind that composite character of the anticommuting vector ψαα˙ (21) was revealed in [34],
where the spinor representation (21) was found to be the general solution of Dirac constraints pαα˙ψαα˙ =
0 = pαα˙pαα˙ characterising massless spinning particle [35],[36]. This spinor representation was important to
find equivalence between spinning and Brink-Schwarz superparticles.
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4 Proof of the Jacobi identities
The graded Jacobi identities for the considered P.B. algebra have the standard form
{{A,B}, C}+ (−1)(b+c)a{{B,C}, A}+ (−1)c(a+b){{C,A}, B} = 0, (22)
where a = 0, 1 is the Grassmannian grading of A. To prove these identities for the P.B’s.
(16)-(19) one needs to study the Poisson brackets of the composite vectors ϕαβ˙ (4), ψαα˙ (21)
and spin-tensors ϕαβ , ϕ¯α˙β˙ (20) between themselves and with xαα˙, θα, θ¯α˙. The P.B’s. (16),
(17) together with the definitions (20), (21) show the P.B.-commutativity of ϕαβ, ϕαβ˙ , ϕ¯α˙β˙
between themselves and with (να, ν¯α˙), (θα, θ¯α˙) and ψαα˙
{ϕ∗∗, να} = {ϕ∗∗, ν¯α˙} = {ψαα˙, νβ} = {ψαα˙, ν¯β˙} = 0,
{ϕ∗∗, ϕ∗∗} = {ϕ∗∗, θα} = {ϕ∗∗, θ¯α˙} = {ϕ∗∗, ψγγ˙} = 0,
(23)
where ϕ∗∗ ≡ (ϕαβ, ϕαβ˙, ϕ¯α˙β˙) is a condenced symbol for the composite coordinates (4) and
(20). However, the P.B. of the spin-tensors ϕαβ , ϕαβ˙, ϕ¯α˙β˙ with xγγ˙ are different from zero
{xαα˙, ϕβγ} = 2ϕαα˙ϕβγ, {xαα˙, ϕβγ˙} = 2ϕαα˙ϕβγ˙, {xαα˙, ϕ¯β˙γ˙} = 2ϕαα˙ϕ¯β˙γ˙ , (24)
as well as, the P.B. between xαα˙, ψββ˙ and (θβ, θ¯β˙)
{xαα˙, ψββ˙} = ϕαα˙ψββ˙ + ϕββ˙ψαα˙,
{ψαα˙, ψββ˙} = −iϕαα˙ϕββ˙,
{ψαα˙, θβ} =
1
2
ϕαα˙νβ, {ψαα˙, θ¯β˙} = −
1
2
ϕαα˙ν¯β˙.
(25)
A combination of the P.B. relations (23) together with ones (25) results in the relation
{{ψαα˙, ψββ˙}, ψγγ˙} = 0 (26)
which proves the graded Jacobi identity (12) for the case A = B = C = ψ
Cycle{{ψαα˙, ψββ˙}, ψγγ˙} = 0 (27)
The same result occurs for the Jacoby cycles cubic in (θα, θ¯α˙)
Cycle{{θα, θβ}, θγ} = ... = Cycle{{θ¯α˙, θ¯β˙}, θ¯γ˙} = 0, (28)
as well as, for the cycles quadratic in θα or ψαα˙ and linear in (νγ , ν¯γ˙)
Cycle{{θα, θβ}, νγ} = .... = Cycle{{θ¯α˙, θ¯β˙}, ν¯γ˙} = 0,
Cycle{{ψαα˙, ψββ˙}, νγ} = Cycle{{ψαα˙, ψββ˙}, ν¯γ˙} = 0
(29)
and for other trivial Jacobi cycles cubic or quadratic in (νγ , ν¯γ˙) and linear in (θα, θ¯α˙) or ψαα˙.
To calculate the Jacobi cycle cubic in xαα˙ we use the relation
{{xαα˙, xββ˙}, xγγ˙} = 2i(ψαα˙ψββ˙)ϕγγ˙ + i(ψαα˙ϕββ˙ − ψββ˙ϕαα˙)ψγγ˙ (30)
arisen from the P.B’s. (19) and (25) and resulting in zero Jacobi cycle
Cycle{{xαα˙, xββ˙}, xγγ˙} = 0. (31)
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It follows from the mutual cancellation between the contributions of first and last summands
in the r.h.s. of the cyclic sum generated by Eq. (30). Next one can see that the Jacobi cycles
quadratic in xαα˙ and linear in ψαα˙ or (θα, θ¯α˙) are equal to zero
Cycle{{xαα˙, xββ˙}, ψγγ˙} = 0,
Cycle{{xαα˙, xββ˙}, θγ} = Cycle{{xαα˙, xββ˙}, θ¯γ˙} = 0,
(32)
because of the relations
{{xαα˙, xββ˙}, ψγγ˙} = −(ψαα˙ϕββ˙ − ϕαα˙ψββ˙)ϕγγ˙,
{{xββ˙, ψγγ˙}, xαα˙} − (α↔ β) = (ψαα˙ϕββ˙ − ϕαα˙ψββ˙)ϕγγ˙ ,
{{xαα˙, xββ˙}, θγ} = −
i
2
(ψαα˙ϕββ˙ − ϕαα˙ψββ˙)νγ ,
{{xββ˙, θγ}, xαα˙} − (α↔ β) =
i
2
(ψαα˙ϕββ˙ − ϕαα˙ψββ˙)νγ
(33)
and their complex conjugate following from the P.B’s. (18), (19) and (25). A similar can-
cellation takes place in the Jacobi cycles quadratic in ψαα˙ and linear in xαα˙ or θα, θ¯α˙
Cycle{{ψαα˙, ψββ˙}, xγγ˙} = 0,
Cycle{{ψαα˙, ψββ˙}, θγ} = Cycle{{ψαα˙, ψββ˙}, θ¯γ˙} = 0,
(34)
as it follows from the P.B. relations
{{ψαα˙, ψββ˙}, xγγ˙} = 4iϕαα˙ϕββ˙ϕγγ˙ ,
{{xγγ˙, ψββ˙}, ψαα˙}+ (α↔ β) = 4iϕαα˙ϕββ˙ϕγγ˙ ,
{{ψαα˙, ψββ˙}, θγ} = {{ψαα˙, θγ}, ψββ˙} = 0.
(35)
Next we prove the Jacobi identites for cycles quadratic in θα, θ¯α˙ and linear in xαα˙ or ψαα˙
Cycle{{θα, θβ}, xγγ˙} = {{θα, θβ}, ψγγ˙} = 0,
Cycle{{θα, θ¯β˙}, xγγ˙} = {{θα, θ¯β˙}, ψγγ˙} = 0
(36)
and for their complex conjugate using the relations
{{θα, θβ}, xγγ˙} = −
i
2
ϕαβϕγγ˙, {{θα, θ¯β˙}, xγγ˙} =
i
2
ϕαβ˙ϕγγ˙,
{{xγγ˙ , θβ}, θα}+ (α↔ β) =
i
2
ϕαβϕγγ˙,
{{xγγ˙ , θ¯β˙}, θα}+ {{xγγ˙, θα}, θ¯β˙} =
i
2
ϕαβ˙ϕγγ˙.
(37)
together with the relations
{{θα, θβ}, ψγγ˙} = {{θα, ψγγ˙}, θβ} = 0,
{{θα, θ¯β˙}, ψγγ˙} = {{θα, ψγγ˙}, θ¯β˙} = 0
(38)
and their complex conjugate. The remaining nontrivail and also vanishing Jacobi cycles are
formed by any three coordinates from the set [xαα˙, ψαα˙, (θα, θ¯α˙), (να, ν¯α˙)]
Cycle{{xαα˙, ψββ˙}, θγ} = Cycle{{xαα˙, ψββ˙}, νγ} = 0,
Cycle{{xαα˙, θβ}, νγ} = Cycle{{ψαα˙, θβ}, νγ} = 0.
(39)
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Their complex conjugate cycles equal zero too.. The proof of first and second Jacobi identities
in (39) is based on the P.B. relations
{{xαα˙, ψββ˙}, θγ} = −
2
3
{{ψββ˙, θγ}, xαα˙} = 2{{xαα˙, θγ}, ψββ˙} = ϕαα˙ϕββ˙νγ ,
{{xαα˙, ψββ˙}, νγ} = {{ψββ˙, νγ}, xαα˙} = {{νγ, xαα˙}, ψββ˙} = 0.
(40)
The proof of third and fourth Jacobi identitities in (39) uses the P.B. relations
{{xαα˙, θβ}, νγ} = {{θβ, νγ}, xαα˙} = {{νγ, xαα˙}, θβ} = 0,
{{ψαα˙, θβ}, νγ} = {{θβ, νγ}, ψαα˙} = {{νγ, ψαα˙}, θβ} = 0
(41)
which follow from the P.B. relations (17), (19), (23), (25). It complets the proof of the Jacobi
identities for the above introduced Lorentz invariant Poisson brackets. The next step is to
use them for the construction of the Moyal brackets.
5 Lorentz invariant and supersymmetric star product
A transition to the quantum picture based on the P.B. (12) may be done by using the well
known Weyl-Moyal correspondence which establishes one to one correspondence between
quantum field operators and their symbols acting on commutative space-time. Then the
quantum information is encoded in the change of the usual product by the Moyal ⋆-product
of their Weyl symbols. To realise this prescription here we note that the P.B. (12) may be
presented as
{F,G} = F
←
DΛ C
ΛΣ
→
DΣ G =
F (
←
∂,
←
∆,
←
D−)

 0 1 0−1 0 0
0 0 −i
4




→
∂
→
∆
→
D−

G, (42)
where the condenced notation DΛ = (D−, ∂,∆) was used for the invariant derivatives of the
(-)-superalgebra (11) numerated by the index Λ running over the even and odd variables.
As a result, the superalgebra (11) is presented in a condenced form
[DΛ,DΣ} = CΛΣ
ΞDΞ, (43)
where CΛΣ
Ξ are the structural constants defined by the explicit (anti)commutation relations
(11) and CΛΣ is represented by the 3× 3 matrice
CΛΣ =

 0 1 0−1 0 0
0 0 − i
4

 . (44)
The representation (42) defines the Moyal ⋆-product of the superfields F and G
F⋆G = Fe
1
2
←
DΛC
ΛΣ
→
DΣG, (45)
7
where the Planck constant and the velocity of light are chosen to be equal to unit. The
definition (45) together with (12) yield the Moyal products of the (super)coordinates
xαα˙ ⋆ xββ˙ = xαα˙xββ˙ −
i
2
ψαα˙ψββ˙ ,
xαα˙ ⋆ θβ = xαα˙θβ +
i
4
ψαα˙νβ , xαα˙ ⋆ θ¯β˙ = xαα˙θ¯β˙ −
i
4
ψαα˙ν¯β˙ ,
θα ⋆ θβ = θαθβ +
i
8
ϕαβ , θα ⋆ θ¯β˙ = θαθ¯β˙ −
i
8
ϕαβ˙ ,
θ¯α˙ ⋆ θ¯β˙ = θ¯α˙θ¯β˙ +
i
8
ϕ¯α˙β˙.
(46)
Consequently, the (anti)commutators of the coordinate operators are replaced by the follow-
ing Lorentz invariant and supersymmetric Moyal brackets
[xαα˙, xββ˙]⋆ ≡ xαα˙ ⋆ xββ˙ − xββ˙ ⋆ xαα˙ = −iψαα˙ψββ˙ ,
[xαα˙, θβ]⋆ =
i
2
ψαα˙νβ, [xαα˙, θ¯β˙ ]⋆ = −
i
2
ψαα˙ν¯β˙ ,
[θα, θβ ]⋆? =
i
4
ϕαβ, [θα, θ¯β˙ ]⋆+ = −
i
4
ϕαβ˙ , [θ¯α˙, θ¯β˙]⋆+ =
i
4
ϕ¯α˙β˙,
(47)
which in turn are directly restored from the invariant P.B’s. (16)-(19). The change
{, } → [, ]⋆∓ restores the remaining Moyal brackets originated from the above considered
P.B’s that together with the brackets (47) may be used for the studying Lorentz invariant
and supersymmetric quantum field models in non(anti)commutative superspace.
6 Noncommutativity of the twistor components
The twistor associated with να and xαα˙ is formed by the pair Z
A = (ωα, ν¯α˙), where the first
twistor element ωα is composed from να and xαα˙
ωα = ixαα˙ν¯
α˙. (48)
The considered Poisson and Moyal brackets result in the commutativity between the twistor
components ωα, νβ and their complex conjugate
{ωα, νβ} = {ωα, ν¯β˙} = {ω¯α˙, νβ} = {ω¯α˙, ν¯β˙} = 0, (49)
because of the P.B’s. (16), (18) and the orthogonality relations
ϕαα˙ν
α = ϕαα˙ν¯
α˙ = 0. (50)
However, ωα and ω¯α˙ have non zero brackets with xαα˙
{xαα˙, ωβ} = ϕαα˙ωβ − iη¯ψαα˙νβ, {xαα˙, ω¯β˙} = ϕαα˙ω¯β˙ − iηψαα˙ν¯β˙, (51)
as well as, with θα and θ¯α˙
{ωα, θβ} = −
i
2
η¯ϕαβ, {ωα, θ¯β˙} =
i
2
η¯ϕαβ˙, η ≡ θαν
α, (52)
because of the P.B’s. (17)-(19), (49). The Grassmannian scalar η has zero P.B’s. with ν, ω, θ
{η, να} = {η, ωα} = {η, θα} = 0 (53)
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and their complex conjugate. The multiplication of the relations (51) by (iν¯α˙) together with
using (49) and (50) yield zero brackets between the components ωα and ωβ of the same
chirality
{ωα, ωβ} = iη¯
2ϕαβ ≡ 0, {ω¯α˙, ω¯β˙} = 0, (54)
but yields zero brackets with ω¯β˙
{ωα, ω¯β˙} = iηη¯ϕαβ˙. (55)
Comparing the latter bracket with the bracket (19) for θα and θ¯β˙ we get the relation
{ωα, ω¯β˙} = −4ηη¯{θα, θ¯β˙} (56)
pointing out a connection of the (ω, ω¯)−noncommutativity with the (θ, θ¯)-nonanti-
commutativity. On the other side, it shows the connection of the twistor complex structure
with supersymmetry. Therefore, the choice of (θ, θ¯)-nonanticommutative bracket induces
the (ω, ω¯)−noncommutative bracket. Such a correlation of the spin complex structure with
supersymmetry and non(anti)commutativity deserves more carefull studying.
7 Lorentz invariant brackets in higher dimensions
The brackets (17)-(19) get more compact form in the Majorana representation
νa =
(
να
ν¯α˙
)
, θa =
(
θα
θ¯α˙
)
, Cab =
(
εαβ 0
0 ε¯α˙β˙
)
, χa = Cabχb (57)
for the considered Weyl spinors να, θα, their c.c. and the charge conjugation matrix C
ab.
Then the P.B’s. (16)-(19) are presented in a form suitable for generalizations. The P.B’s.
(16)-(18) take the form
{νa, νb} = 0, {θa, νb} = 0, {xm, νa} = ϕmνa, (58)
where the real vectors xm and ϕm are defined [37] by the relations
xm = −
1
2
(σ˜m)
α˙βxβα˙, xαβ˙ = (σ
m)αβ˙xm,
ϕm = −
1
2
(σ˜m)
α˙βϕβα˙ ≡
1
4
(ν¯γmν)
(59)
and γm are the Dirac matrices in the Majorana representation.
To rewrite the rest of the P.B’s. in the Majorana representation it is convenient to change
the Majorana spinor νa by other Majorana spinor λa
λa =
(
λα
λ¯α˙
)
≡ (γ5ν)a, (γ5)a
b =
(
−iδβα 0
0 iδα˙
β˙
)
(60)
preserving the form of the P.B’s. (58). In terms of the real Majorana spinor λa and the
composed vectors ϕm and ψm
ϕm =
1
4
(λ¯γmλ), ψm = −
1
2
(σ˜m)
α˙αψαα˙ ≡ −
1
2
(θ¯γmλ) (61)
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the P.B’s. (16)-(19) of the primordial coordinates xm, θa, λa are presented as follow
{λa, λb} = 0, {θa, λb} = 0, {xm, λa} = ϕmλa,
{xm, xn} = −iψnψm, {xm, θa} = −
1
2
ψmλa, {θa, θb} = −
i
4
λaλb.
(62)
The P.B’s. of the secondary composite vectors ψm and ϕm (61) between themselves and
with the primordial coordinates are presented in the form
{xm, ψn} = ϕmψn + ϕnψm, {ψm, θb} =
i
2
ϕmλb, {ψm, λa} = 0,
{ψm, ψn} = −iϕmϕn, {ψm, ϕn} = 0
(63)
and respectively
{xm, ϕn} = 2ϕmϕn, {θa, ϕm} = {λa, ϕm} = {ϕm, ϕn} = 0. (64)
The Poisson brackets (62)-(64) originally derived for D = 4 remain to be valid in
D−dimensional spaces with D = 2, 3, 4(mod8), where the Majorana spinors exist. Using
the arguments given in the Section 5 one can restore the Moyal brackets originated from the
P.B’s. (62)-(64) in the higher dimensions by the simple change {, } → [, ]⋆∓.
8 Other Lorentz invariant brackets with one spinor
Using the Majorana spinor νa one can constuct other simple supersymmetric and Lorentz
invariant brackets. One of the possible invariant Poisson bracket might be
{F,G} = F [− i
4
(
←
D
→
D +
←
D¯
→
D¯) + c(
←
∂
→
∆ −
←
∆
→
∂ ) ]G (65)
which changes the brackets (19) to the brackets
{xαα˙, xββ˙} = i(ϕαβ θ¯α˙θ¯β˙ + ϕ¯α˙β˙θαθβ),
{xαα˙, θβ} = −
1
2
ϕαβ θ¯α˙ {xαα˙, θ¯β˙} = −
1
2
ϕ¯α˙β˙θα,
{θα, θβ} =
i
4
ϕαβ , {θα, θ¯β˙} = 0, {θ¯α˙, θ¯β˙} =
i
4
ϕ¯α˙β˙.
(66)
We see that the bracket of the spinor components θα, θ¯α˙ having opposite chiralities is not
deformed and remains equal zero. Moreover, the brackets xαα˙ with θα and θ¯α˙ don’t preserve
the chiralities of θ and θ¯ spinors. As a result, one can find breaking of the Jacoby identity
for the (x, θ, θ¯)-cycle, because of the relation
Cycle{{xαα˙, θβ , θ¯γ˙}} = {{xαα˙, θβ, θ¯γ˙}+ {{xαα˙, θ¯γ}, θ¯β} = −
i
4
ϕαβϕ¯α˙β˙. (67)
So, we conclude that the Lorentz invariant P.B. (65) has to be excluded. But, the next
supersymmetric and Lorentz invariant Poisson bracket
{F,G} = F [ i
4
(
←
D
→
D¯ +
←
D¯
→
D) + 12(
←
∂
→
∆ −
←
∆
→
∂ ) ]G (68)
is proved to be selfconsistent and yields the following invariant Poisson brackets
{xαα˙, xββ˙} = −i(ϕαβ˙ θ¯α˙θβ − ϕβα˙θ¯β˙θα),
{xαα˙, θβ} =
1
2
ϕβα˙θα, {xαα˙, θ¯β˙} =
1
2
ϕαβ˙ θ¯α˙,
{θα, θβ} = {θ¯α˙, θ¯β˙} = 0, {θα, θ¯β˙} = −
i
4
ϕαβ˙
(69)
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added by the brackets
{να, νβ} = {να, ν¯β˙} = {ν¯α, ν¯β˙} = 0,
{να, θβ} = {να, θ¯β˙} = {ν¯α˙, θβ} = {ν¯α˙, θ¯β˙} = 0,
{xαα˙, νβ} =
1
2
ϕαα˙νβ , {xαα˙, ν¯β˙} =
1
2
ϕαα˙ν¯β˙,
(70)
One can see that in contrast to the deformation (65) the new deformation (68) generates
zero P.B’s. for the θa components with the same chiralities. The P.B’s. (69),(70) satisfy the
Jacobi identities and deserve to be studied in physical applications. The proof of the Jacobi
identities for the P.B’s. (69) and (70) is analogous to the proof presented in the Section 4.
The P.B’s. (69) may be presented in the vector form as follows
{xm, xn} = −
i
4
(χmχ¯n − χnχ¯m),
{xm, θβ} = −
1
4
χ¯mνβ , {xm, θ¯β˙} = −
1
4
χmν¯β˙,
{θa, θb} = −
i
8
(ν
(+)
a ν
(−)
b + ν
(+)
b ν
(−)
a ),
(71)
where we introduced the complex Grasssmannian vector χm with the real and imaginary
parts presented by ψ1m, ψ2m and the chiral components θ
(±) and ν(±)
χm ≡ (νσmθ¯) ≡ −ν¯γm
1+iγ5
2
θ ≡ ψ1m + iψ2m,
χ¯m ≡ (χm)
∗ = −ν¯γm
1−iγ5
2
θ, ψ1m ≡ −
1
2
(θ¯γmν), ψ2m ≡ −
1
2
(θ¯γmγ5ν),
θ(±) ≡ 1
2
(1± iγ5)θ, ν
(±) ≡ 1
2
(1± iγ5)ν.
(72)
Then the P.B’s. (71) are presented in the form directly generalizing the P.B’s. (62)
{xm, xn} = −
i
2
(ψ1mψ1n + ψ2mψ2n),
{xm, θa} = −
1
4
(ψ1mνa + ψ2mλa),
{θa, θb} = −
i
8
(νaνb + λaλb),
(73)
where λa ≡ (γ5ν)a (60). Comparing (73) with (62) we observe that the change of the P.B.
(12) by (68) is equivalent to the complexification of the real Grassmannian vector ψm (61)
accompanied by the appearance of the spinors νa and (γ5ν)a) in the r.h.s. of (73).
The P.B’s. (68) may be generalized to the case of extended supersymmetries with N > 1
{F,G} = F [ i
4
(
←
Di
→
D¯i +
←
D¯i
→
Di) +
1
2
(
←
∂
→
∆ −
←
∆
→
∂ ) ]G, (74)
where Di = ναD
α
i and D¯
i = ν¯α˙D¯
α˙i , (i = 1, 2, .., N). The P.B’s. (74) generate the following
brackets for the primordial space-time (super)coordinates
{xαα˙, xββ˙} = −i(ϕαβ˙ θ¯α˙iθ
i
β − ϕα˙β θ¯β˙iθ
i
α),
{xαα˙, θ
i
β} =
1
2
ϕα˙βθ
i
α, {xαα˙, θ¯β˙i} =
1
2
ϕαβ˙ θ¯α˙i,
{θiα, θ
k
β} = {θ¯α˙i, θ¯β˙k} = 0, {θ
i
α, θ¯β˙k} =
i
4
ϕαβ˙ .δ
i
k
(75)
The rest of the P.B’s for xαα˙, νa, θ
i
α coincides with the P.B’s. (70).
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9 More spinors - more Lorentz invariant brackets
The above consideration to construct the Lorentz covariant Poisson and Moyal brackets was
restricted by the simplest case of one additional spinor coordinate which resulted in the
appearance of the supersymmetric derivatives Dα, D¯α˙ and ∂αα˙ (3) in the considered P.B’s.
only in the form of the scalars (5). Using only these scalars for the construction of the
invariant P.B. (12) restricts the class of admissible motions in superspace. To extend this
class still preserving the Lorentz invariance and supersymmetry one can introduce additional
independent spinor coordinates. In the case D = 4 it is enough to add only one new spinor
coordinate µα, because µα and να form the complete spinorial basis and may be identified
with the Newman-Penrose dyad [28]
µανα ≡ µ
αεαβν
β = 1, µανβ − µβνα = εαβ. (76)
Then one can form four independent Lorentz invariant supersymmetric differential operators
D(ν) = ναD
α, D¯(ν) = ν¯α˙D¯α˙, D
(µ) = ναD
α, D¯(µ) = µ¯α˙D¯α˙, (77)
two of which D(ν), D¯(ν) coincide with the operators D, D¯ (5). Their linear combinations
D
(ν)
± ≡ D
(ν) ± D¯(ν), D
(µ)
± ≡ D
(µ) ± D¯(µ), (78)
form four Lorentz invariant and supersymmetric supersubalgebras
[D
(ν)
± , D
(ν)
± ]+ = ∓8i∂
(ν), [D
(ν)
± , ∂
(ν))] = [∂(ν), ∂(ν)] = 0, ∂(ν) ≡ (ναν¯α˙∂
αα˙),
[D
(µ)
± , D
(µ)
± ]+ = ∓8i∂
(ν), [D
(µ)
± , ∂
(µ))] = [∂(µ), ∂(µ)] = 0, ∂(µ) ≡ (µαµ¯α˙∂
αα˙),
(79)
which are connected by the P.B. relations
[D
(ν)
± , D
(µ)
± ]+ = ∓4i∂
(+), ∂(+) ≡ (ναµ¯α˙ + µαν¯α˙)∂
αα˙,
[D
(ν)
± , D
(µ)
∓ ]+ = ±4i∂
(−), ∂(−) ≡ (ναµ¯α˙ − µαν¯α˙)∂
αα˙.
(80)
It is easy to see that the Lorentz invariant and supersymmetric differential operators
D
(ν)
± , D
(µ)
± , ∂
(ν), ∂(µ), ∂(∓) describe whole class of admissible motions in the superspace and
together with the extended dilatation operator ∆′
∆′ = (να
∂
∂να
+ ν¯α˙
∂
∂ν¯α˙
)− (µα
∂
∂µα
+ µ¯α˙
∂
∂µ¯α˙
) (81)
preserving the condition (76) may be used as invariant bilding blocks for the construction of
more general Lorentz invariant supersymmetric Poisson and Moyal brackets.
Then the Lorentz invariant and supersymmetric Poisson bracket
{F,G} = F [− i
4
(
←
D
(ν)
−
→
D
(ν)
− +
←
D
(µ)
−
→
D
(µ)
− ) + c(
←
∂(ν) +
←
∂(µ))
→
∆′ −
←
∆′ (
→
∂(ν) +
→
∂(µ)) ]G. (82)
might be considered as a candidate for the generalizations of (12). The P.B. (82) yields the
following coordinate P.B’s.
{xm, xn} = −i(ψ
(ν)
n ψ
(ν)
m + ψ
(µ)
n ψ
(µ)
m ),
{xm, θa} = −
1
2
(ψ
(ν)
m λ
(ν)
a + ψ
(µ)
m λ
(µ)
a ),
{θa, θb} = −
i
4
(λ
(ν)
a λ
(ν)
b + λ
(µ)
a λ
(µ)
b )
(83)
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for the primordial coordinates xm and θa, where the additional Majorana spinor λ
(µ)
a and
the Grassmannian vector ψ
(µ)
n are defined by the relations
ψ
(ν)
n ≡ ψn, λ
(ν)
a ≡ λa, ψ
(µ)
n ≡ 12(θ¯γnλ
(µ)), λ
(µ)
a ≡ (γ5µ)a (84)
The primordial Majorana spinors λ
(ν)
a and λ
(µ)
a have zero P.B’s. between themselves and
with θa, ψ
(ν)
m , ψ
(µ)
n , but non zero P.B’s. with xm
{xm, λ
(ν)
a } = c(ϕ
(ν)
m + ϕ
(µ)
m )λ
(ν)
a ), {xm, λ
(µ)
a } = −c(ϕ
(ν)
m + ϕ
(µ)
m )λ
(µ)
a ,
ϕ
(ν)
m ≡ ϕm, ϕ
(µ)
m ≡ 14(λ¯
(µ)γmλ
(µ)),
(85)
where the real constant c has to be defined from the solution of the Jacobi identities. We
intend to give back to the studying this P.B. and other possible generalizations of the P.B’s
(62) in other place.
10 Conclusion
It was shown here that the extension of the N = 1 superspace (xm, θa) by commuting Ma-
jorana spinors may be used for the construction of supersymmetric and Lorentz invariant
Poisson and Moyal brackets generating deformed non(anti)commutative relations for space-
time (super)coordinates. To make clear the proposal we elaborate the case of one additional
spinor λa extending the standard N = 1 superspace to the non(anti)commutative super-
spaces free of background fields. The corresponding Lorentz invariant and supersymmetric
coordinate brackets were presented. It was established that noncommutativity of xm with
xn and θa is measured by the real or complex Grassmannian vectors ψm composed from θa
and λa, which are known as dynamical variables describing the spin degrees of freedom of
spinning string or particle. At the same time, the nonanticommutativity of the θa componets
between themselves is measured by only additional spinor or its chiral components. These
results hint on a hidden spinorial structure of space-time encoded in the Penrose twistor
picture and its supersymmetric extensions as an alternative source of (super)coordinate
non(anti)commutativity. In the simplest case corresponding to the P.B’s. (62) a correlation
between the spinorial structure and supergravity fields may be schematically illustrated by
the correspondence:
θmn ↔ iψmψn, Cab ↔ λaλb, Ψ
a
m ↔ ψmλ
a, (86)
where Bmn = θ
−1
mn, Cab and Ψ
a
m are constant antisymmetric field, the graviphoton and the
gravitino respectively. The map (86) transforms the well-known field dependent bracket re-
lations into the brackets (62) and vice versa. On the other hand, such a correspondence hints
on a connection with the known Feynman-Wheeler picture and its superymmeric general-
ization [38], where the Maxwell supermultiplet fields arise as secondary objects constructed
from the superspace coordinates. We outlined also a way to construction of more general
supersymmetric Lorentz invariant brackets for the cases of N extended supersymmetries and
additional spinor coordinates using Lorentz invariant supersymmetric derivatives generaliz-
ing (5). Studying that generalizations and the corresponding deformations of quantum field
models are under consideration.
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